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Knapsack

e nitems with weighTS {wl}z and pr‘OfiTS {pz}z
* a knapsack with capacity ¢

* maximize fotal profit subject to the capacity
constraint

max {ipz% : i wir; < t,x; € {0, 1}}
=1 =1
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Knapsack

n items with weighTS {wl}z and pr‘OfiTS {pz}z
a knapsack with capacity ¢

maximize total profit subject to the capacity
constraint

max {ipz% : i wir; < t,x; € {0, 1}}
=1 =1

NP-hard
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Approximation Scheme
e FPTAS: fully polynomial-time approximation
scheme
e for any instance 7and any ¢ > 0,
ALG(Ie) > (1 — ¢)OPT(J)

® runs in poly(|7],1/¢) time
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Current work

O(nlogn+ (1)*log?) [Ibarra & Kim '75]
O(nlogn+ (1)*) [Lawler '79]
O(nlog L + (2)%log” 1) [Kellerer & Pferschy '04]
O(nlog L + (1 fvzlogBI) [Rhee '15]
O(nlog L + (1)12/% j92(/1(172D)) [Chan ‘18]
O(nlog L + (1)0/4 /22015017 [Jin '19]
O(n + (L)11/5 22(log(1/€))) [Deng, Jin & Mao 23]

Conditional lower bound Q((n+ 1/£)?~?) for any 6 > 0
[Kiinnemann, Paturi & Schneider '17]
[Cygan, Mucha, Wegrzycki & Wiodarczyk '19]
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Value Function

e Let I be a set of items.

e Define f;: {0,1,2,...,t} — Z as follows.

f](y) = max {szzz . Z W;iL; < Y, T; c {0, 1}}

i€l icl
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Value Function

e Let I be a set of items.

e Define f;: {0,1,2,...,t} — Z as follows.

f](y) = max {Zpliﬁz . Z W;iL; < Y, T; c {0, 1}}

i€l icl

e We want to compute f;(t) approximately.
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Compute Value Function

e Let [; and L, be a partition of I
e We have for any y € {0,...,t}

fi(y) = max {fy, (y1) + fo(v2) : v1 + 12 = y}
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Compute Value Function

e Let [; and L, be a partition of I
e We have for any y € {0,...,t}

fi(y) = max {fy, (y1) + fo(v2) : v1 + 12 = y}

* (max, +)-convolution

Ji=/n ® /.
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Compute Value Function

Let I and L, be a partition of L
We have for any y € {0,..., ¢}
fily) = max {fr, () + fr(v2) : 91 + 92 = 4}
(max, +)-convolution
fr=1n® .

Approximate the whole function f;, and f;, rather
than a single value f;, (¢) or f1,(¢).
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Approximate a function

e fapproximate fwith factor 1+ ¢ if for any
ye{0,...,t},

0< fly) = fly) <= fly).

* fapproximate fwith additive error 4 if for any
ye{0,...,t},

0 < fly) — fly) <o
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Main Idea

° If fi(t) = B,

> compute a fapproximate fwith additive error B.

» but not areal 1+ ¢ factor approximation
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Main Idea

° If fi(t) = B,

> compute a fapproximate fwith additive error B.
» but not areal 1+ ¢ factor approximation

e If fi=fn®fpand f, < B

> we can approximate [, fz, with additive error %9.

> equal to approximate f;, with factor 1 + 9(53%),
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Main Idea

e If fi(t) > B,

> compute a fapproximate fwith additive error B.
» but not areal 1+ ¢ factor approximation

e If fi=fr,®f,and f, < B,

> we can approximate [, fz, with additive error %9.
> equal to approximate f;, with factor 1 + 9(53%),

e allow a Large factor !
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An Additive Combinatorics Result

e Two multi-sets 4 and B of integers [1, piay].

o If |supp(4)| > Q(pi) and £(B) > Q(pilZ), then
JA' C A, B' C Bsuch that S(4') = £(B).

[Chen, Lian, Mao & Zhang '24]
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A Proximity Result

6 0 :

larger index and lower efficiency

* break item b(t) for capacity ¢

10/24



A Proximity Result

Opiia)  Opid)

distinct distinct

profits profits
: | : | i
0 b(1) "

larger index and lower efficiency

* break item b(t) for capacity ¢
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A Proximity Result

O(pili) O(Prlax)
distinct distinct

L profits I profits I3
| . |

(‘] | " | n

larger index and lower efficiency

* break item b(t) for capacity ¢
e By additive combinatorics, p(I;) < O(pil) and
p(E) < Olpitax)
1/2 3/2

> [supp(E)| = O (puax) and if p(I7), p(I§) = Q(pirex)
10/ 24



Bound the maximum profit

e Partition the items into I;, Lo, . .. by their profit

[j:{ie[:pie(2J’*1-A,2J-A]}, A = O(e - opt).

A 2A  4A 8A - %A

fI:fll @fIQ @ T 6villogl/s
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Bound the maximum profit

e Partition the items into I;, L, ... by their profit
L={iel:p;e (27" A2 Al}, A=06(ec-opt).
e for each j, scale the profits to (1, 2].

® Round to integers.
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A Reduced Instance

°pi€(:2NZ
o fi(t) € [53]

e GOAL: approximate f; with factor O(c), or with
absolute error

~ ~ 1

Oe) - fi(1) = O(2)

€
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The Proximity Result

O(=r) O(z7)
distinct distinct

L profits I profits I3

0 b(1) n

* p(I7) < O(z7) and p(I) < O(57)
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The Proximity Result

O(=r) O(z7)
distinct distinct

L profits I profits I3

(:] b(t) n

* p(I7) < O(z7) and p(I) < O(57)

* Approximate f,., fp, fi, and fr=fr, ® fr, ® fis.
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Approximate fj,:

* there are only ©(—) distinct profits.

e can be computed in O(1m?) = O(%) time where
m= @(ﬁ)

[Chan' 18]

fr ® fir, ©--- @ f;,, can be (1 + <) approximated in O(1m?)
time if the items in each I, have the same profit.
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Approximate f;, and f;,:

e it suffices to approximate min(f;,, O(5%))

e allow a “large” approximation factor.
> the absolute error allowed is O(c) - fi(t) = 5(%).

> the approximation factor now is 1+ O(¢!/2).

> allow rescaling and rounding: p; € (o3, %] N Z.
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Approximate f;, and f;,:

e it suffices to approximate min(f;,, O(5%))

e allow a “large” approximation factor.
> the absolute error allowed is O(c) - fi(t) = O(1).

€

> the approximation factor now is 1+ O(¢!/2).

> allow rescaling and rounding: p; € (o3, %] N Z.

e computed by standard dynamic programming in
O(%) time.
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End of Story?
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We need to approximate f; on all capacities.
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We need to approximate f; on all capacities.

But, proximity result only works for a single capacity.

L L I3
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We need to approximate f; on all capacities.

But, proximity result only works for a single capacity.
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distinct distinct
I profits I profits I
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distinct distinct distinct
rofits rofits rofits
[1 P P T P [3
| —t |

b(t1) b(to)

e All ¢ € [t1, ] share the same partition (I}, b, I3).
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distinct distinct distinct
rofits rofits rofits
[1 P P T P [3
| —t |

b(t1) b(to)

e All ¢ € [t1, ] share the same partition (I}, b, I3).

e partition [0, 4 into O(-5) intervals.
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(t1, fo]
(t2, t1]
(ts, t2]
(ta, t3]

<t5, t4] t

i L I

2 2 B
P L e
; E

!
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e Compute 7 and

> forje (L0, ECE ' ' CH

> Can be computed in O() by dynamic programming
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e Compute F,

1

> the approximation factor can be 1 + Tk
2

Recall [Chan' 18] N
fo®fn,® - & fr, can be (1+ ¢) approximated in O(1m?)
time if the items in each I; have the same profit.
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e Compute 7

1

> the approximation factor can be 1 + Tk
2

> f[é can be computed in O(| B - 1) time.

Recall [Chan' 18] N
fo®fn,® - & fr, can be (1+ ¢) approximated in O(1m?)
time if the items in each I; have the same profit.
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e Compute 7
> fzg < |I]2| : %

L
|5

> the approximation factor can be 1 +
> f[é can be computed in O(| B - 1) time.
> 315 < 26(8) = O(L).

Recall [Chan' 18]

fr ® fir, -~ @ f1,, can be (1 + <) approximated in O(1m?)

time if the items in each J; have the same profit.
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Summary

Key: small contribution = large approximation factor
* Use additive combinatorics results.
> Reduce Problem such that puax = ©(2).

> [=LHUbLUI3
> we can compute them in O(%) time

> proximity result only works for a single capacity.
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Summary

Key: small contribution = large approximation factor

e Use additive combinatorics results.

* partition [0, ] into intervals.

> compute fj,, fi, for all intervals at the same time..

» rescale f;, and compute all f;, in quadratic time.
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Summary

Key: small contribution = large approximation factor

e Use additive combinatorics results.
® partition [0, ] into intervals.

e Geta O(n+ %) time FPTAS |
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Open Problems

e Is there an FPTAS running in O(n/c) time?
> O((1)%nlogl) [Kellerer & Pferschy '99]

> O(1n3/?) [Chan '18]
e Is there an O(nwp,y)-time algorithm?

e Is there an O(n + (Wmax + Pmax)?~°)-time algorithm
for some ¢ > 0?
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Thank Youl!



